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Colored noise in guantum chaos
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We derive a set of spectral statistics whose power spectrum is characterized, in the case of chaotic quantum
systems, by colored noise Y/ where the integer parametercritically depends on the specific energy-level
statistic considered. In the case of regular quantum systems these spectral statisticsfghbnoise.
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Quantum chaos is the study of quantum systems which Sy(K) = |3 2 (3)
are classically chaoti€l]. There is a conjectured relation- K
ship, backed up by numerous examples, between the energ\)(mere;sk is the Fourier transform o8,
level fluctuation properties of a quantum system and the dy- M
namical behavior of its classical analog. In particular, Berry A~ iE —ikn
and Tabor showed that classically integrable systems are o= \;ﬁn_l on exp( M ) (4)
characterized by Poissonian spectral fluctuatidt]s while
Bohigas, Giannoni, and Schnj8] suggested that classically andM is the size of the series. By studying spectra of atomic
chaotic systems can be described by Gaussian ensemblesrufclei at high energies and also spectra of Gaussian en-
random matrix theoryRMT). In the past years many energy- sembles of RMT, the Madrid group has found the power law
level statistics have been proposed to characterize the spe@&u(k))~1/k. For Poisson spectra it has found instead
tral fluctuations; among them there are the nearest-neighbd8,,(k))~1/k? as expected for independent random vari-
level-spacing distributiorP(s), the spectral rigidityAs(L),  ables. Finally, the following conjecture has been suggested:
and the spectral form factdt(7). Recently, Relanet al.[4]  the energy spectra of chaotic quantum systems are character-
have introduced the energy-level statistig showing that ized by pink noise 1, in contrast to the Brown noise 1%
chaotic quantum systems displayfInbise in thed,, statistic,  of regular system#4].
whereas integrable ones exibitf2 hoise[4,5]. The Madrid group has analytically proved its conjecture

In this Brief Report we introduce a new set of spectralon the basis of the RMT5]. Independently, Robnik has ob-
statistics which contains the spectral statigti@s a particu- tained the same resul6]: under the condition®1>1 and
lar case. We show that for chaotic quantum systems thede M <1, the averaged power spectrum of the energy-level
statistics are characterized by colored noisé& lwhere the statisticd, is given by
integer parametey critically depends on the specific energy-

level statistic considered. Moreover, we find that in the case 2M for chaotic systems,
of regular quantum systems these spectral statistics display (Sy(K)) = B 5)
1/£7*1 noise. M2 _

Let us consider a quantum system with a discrete set of 3 for integrable systems,

unfolded levelsE,, such that the energy is measured in units

of the mean-level spacing. The staircase functd(E), wheregB depends on the symmetry of the Gaussian ensemble:
which gives the number of energy levels up to the end&gy B=1 for the Gaussian orthogonal ensemt&OE), =2 for

can be written as the Gaussian unitary ensemhbl&UE), and =4 for the
Gaussian symplectic ensembl€SE. Thus, although the
origin of 1/f noise in many complex systems is still an un-
solved problem{7], the origin of 1f noise in the spectral

— ) fluctuations of chaotic quantum systems has been easier to
whereN(E)=E is the averaged number of levels aNgl{E)  ynderstand because of the mathematical tractability of RMT.
is the fluctuating partNys{E) is supposed to belong to a |t is important to stress that E¢) is valid if the condition
universality class, which should only depend on the integrak/M <1 is fullfilled. In fact, as shown 5] Eq. (5) is the
bility or chaoticity of the classical analod]. The Madrid  power-law approximation, obtained via Taylor expansion, of
group of Relancet al. [4] has analyzed these fluctuations by a more complex formula. In Fig. 1 we plot both the exact

N(E) = N(E) + NoodE), (1)

using the spectral statistig, defined as curve derived in[5] and the power-law curve of Ed5).
Figure 1 shows thatS,(k)) presents deviations from the
On=Nosd En)- (2 power-law behavior fokk close to the Nyquist numbek,

=M/2. These deviations are due to the finite-dizeof the
In particular, the Madrid group has investigated the behaviogeries 8, and the figure shows that they are negligible for
of the power spectrur(k) of the discrete serie&,, given by  k/M <102, where the relative error is below 1%. In prac-
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Under the condition$1 > 1 andk/M <1 the discrete Fourier

102 [ GUE ] 102 - GSE | . |
10 L 1o b i transform of g, can be obtained from the Fourier transform
i of Nos{E). It is given by

2 10 ¢ = 110 -
e | T e Y a=N 0( k ) (1)
o ] L——" ] =WNosd 1/ /-
10° 7 110° ' . M
107, ey PP L T 70°  Taking into account Eqg3), (8), (10), and(11), the relation-
kM kM ship between the power spectrum&fand the power spec-
a)
FIG. 1. (Color online. Average power spectruig®y(k)) of the trum of 6(“ reads
spectral statisti@,,. Comparison between the exact formula of Ref. sﬁ)(k)MZQ
[5] (solid line) and its power-law approximaticfuotted ling, given Su(k) = Nz (12

by Eq. (5). The dashed line is the relative error of the two curves.
Note the different scale of the Poisson ensenfbitegrable sys-  Finally, by using Eq.(5) one finds that the average power

tems with respect to the Gaussian ensembiigisaotic systems spectrum of the spectral statisii” satisfies the following
formula:
tice, because of the log-log scale, the differences are clearly 1-20
visible only fork/M>10"1, E for chaotic systems,
The proof of the nice result of Eq5) is based on the (S9(k)) = B K (13)
relationship betweeisy, (k) and the widely studied spectral 2-2a )
form factor of the density of levels,6]. Here, we apply the 22 for integrable systems.

same methodology of Ref5,6] to introduce and analyze a . . _
new set of spectral statistics, which contaisas a particu- This formula is the main result of the paper. FerO0 it

lar case. First we define the following set of functions: reduces to Eq(5). In general, fora>0 the average power
spectrum ofé(n“> is not divergent; it is instead divergent for
( 4N, (E) a<0. . .
NosdE) = ——.— (6) Among the new spectral statistics, for numerical purposes
dE the most simple ones a@ ~ and &.”. The statistics " is
given by
where the parameter is a positive integer. This family of £
functions can be extended also to negative integer values of S0 :J " Noe E)dE (14)
a by setting n _ Nos )
£ % Xaj-t and its average power spectrum is
NGae(E) = f dxq f d - J AXeNosdXja)- (7) 2Mm° |
— - 0 /_BF for chaotic systems,
(S 00) =1 "\ s (15
For =0 one recovers the oscillating pai,s{E) of the —  for integrable systems.
staircase function, while foft=1 one has the oscillating part K

posd E) Of the density of levels. In analogy with E(R) we

) . - Thus, 8- shows black noise ¥? for chaotic systems and
now introduce the following set of spectral statistics: n y

black noise 1f* for regular systems. The statishﬁ{;l) is in-
stead given by

dNood E,)
6(1): osc En
n dE

3" = Notd(En), (8)

= Posd En) - (16)

spanned by the integer number Obviously, fora=0 one

has the spectral statisti, of Eq. (2). Its average power spectrum is nothing else than the discrete
By applying the formula of integration by parts, it is spectral form factor of the density of levels, which shows

straightforward to prove that the Fourier transform ofblue noisef for chaotic systems and white noi§e=1 for

Nosd E), given by regular systems.
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10" introduced are a simple and useful tool to analyze the energy
— Poisson levels of quantum systems and determine their integrability

A10° L T~ T GOE i or chaoticity.

= - GUE An open problem is the behavior ¢&(k)) for systems

T = ~ T GSE in the mixed regime between order and chaos. Recently we

Q 107 - i have analyzed the order-to-chaos transition in terms of the

o~ power spectrun{Sy(k)) by using the Pascal’s sngiRobnik
10010.3 102 o - 1o billiard) [8]. We have numerically found a net power law
10" ‘ ‘ 1/f7, with 1=y=<2, at all the transition stages. We have
10° _ | suggested that the exponents related to the chaotic com-
D ponent of the classical phase space of the quantum billiard,

A 10_2 s . 1 but a theoretical explanation of these numerical results is still

ST — 2‘2‘)9;0" 1 lacking [9].

@ 0 - T GUE . In conclusion, we have shown that colored noisd?1/
10 | GSE i characterizes the spectral fluctuations of quantum systems.
10° L o . \ The p_reser?ce_of colorgd r_loise in f_Iuctuating physical vari_—

10 10 10 10 ables is ubiquitous. This kind of noise has been detected in
kM DNA sequences, quasar emission, river discharge, and heart-

beat, among many others. Despite this ubiquity, there is no

(-] 1) . universal explanation about this phenomenon, which is a ge-
spectral stamstlcﬁn and 6(n . Power laws for integrable systems . - -
(Poisson and for chaotic systems with different classes of symme-nerlc manifestation of Cqmplex systems. Neyertheless, here
try: GOE, GUE, and GSE. we have shown that for integrable and chaotic quantum sys-
tems the colored noise of energy-level fluctuations can be
For the sake of completeness, in Fig. 2 we plot the powegxplained in a satisfactory way on the basis of random ma-
spectrum of spectral statistiaél_l) (upper pangl and 6? trix theory.
(lower panel. Figure 2 shows that different power laws can
be easily distinguished by choosing the appropriate scale in- The author thanks J.M.G. Gomez, A. Relano, E. Faleiro,
terval in the log-log plot. The new spectral statistics we haveand M. Robnik for many useful discussions.

FIG. 2. (Color onling. Average power spectrunﬁ(j)(k)) of the
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