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We derive a set of spectral statistics whose power spectrum is characterized, in the case of chaotic quantum
systems, by colored noise 1/fg, where the integer parameterg critically depends on the specific energy-level
statistic considered. In the case of regular quantum systems these spectral statistics show 1/fg+1 noise.
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Quantum chaos is the study of quantum systems which
are classically chaoticf1g. There is a conjectured relation-
ship, backed up by numerous examples, between the energy-
level fluctuation properties of a quantum system and the dy-
namical behavior of its classical analog. In particular, Berry
and Tabor showed that classically integrable systems are
characterized by Poissonian spectral fluctuationsf2g, while
Bohigas, Giannoni, and Schmitf3g suggested that classically
chaotic systems can be described by Gaussian ensembles of
random matrix theorysRMTd. In the past years many energy-
level statistics have been proposed to characterize the spec-
tral fluctuations; among them there are the nearest-neighbor
level-spacing distributionPssd, the spectral rigidityD3sLd,
and the spectral form factorKstd. Recently, Relanoet al. f4g
have introduced the energy-level statisticdn, showing that
chaotic quantum systems display 1/f noise in thedn statistic,
whereas integrable ones exibit 1 /f2 noisef4,5g.

In this Brief Report we introduce a new set of spectral
statistics which contains the spectral statisticdn as a particu-
lar case. We show that for chaotic quantum systems these
statistics are characterized by colored noise 1/fg, where the
integer parameterg critically depends on the specific energy-
level statistic considered. Moreover, we find that in the case
of regular quantum systems these spectral statistics display
1/ fg+1 noise.

Let us consider a quantum system with a discrete set of
unfolded levelsEn, such that the energy is measured in units
of the mean-level spacing. The staircase functionNsEd,
which gives the number of energy levels up to the energyE,
can be written as

NsEd = N̄sEd + NoscsEd, s1d

whereN̄sEd=E is the averaged number of levels andNoscsEd
is the fluctuating part.NoscsEd is supposed to belong to a
universality class, which should only depend on the integra-
bility or chaoticity of the classical analogf1g. The Madrid
group of Relanoet al. f4g has analyzed these fluctuations by
using the spectral statisticdn, defined as

dn = NoscsEnd. s2d

In particular, the Madrid group has investigated the behavior
of the power spectrumSskd of the discrete seriesdn, given by

SMskd = ud̂ku2, s3d

whered̂k is the Fourier transform ofdn,

d̂k =
1

ÎM
o
n=1

M

dn expS− ikn

M
D , s4d

andM is the size of the series. By studying spectra of atomic
nuclei at high energies and also spectra of Gaussian en-
sembles of RMT, the Madrid group has found the power law
kSMskdl,1/k. For Poisson spectra it has found instead
kSMskdl,1/k2, as expected for independent random vari-
ables. Finally, the following conjecture has been suggested:
the energy spectra of chaotic quantum systems are character-
ized by pink noise 1/f, in contrast to the Brown noise 1/f2

of regular systemsf4g.
The Madrid group has analytically proved its conjecture

on the basis of the RMTf5g. Independently, Robnik has ob-
tained the same resultf6g: under the conditionsM @1 and
k/M !1, the averaged power spectrum of the energy-level
statisticdn is given by

kSMskdl =5
2

b

M

k
for chaotic systems,

M2

k2 for integrable systems,6 s5d

whereb depends on the symmetry of the Gaussian ensemble:
b=1 for the Gaussian orthogonal ensemblesGOEd, b=2 for
the Gaussian unitary ensemblesGUEd, and b=4 for the
Gaussian symplectic ensemblesGSEd. Thus, although the
origin of 1/f noise in many complex systems is still an un-
solved problemf7g, the origin of 1/f noise in the spectral
fluctuations of chaotic quantum systems has been easier to
understand because of the mathematical tractability of RMT.
It is important to stress that Eq.s5d is valid if the condition
k/M !1 is fullfilled. In fact, as shown inf5g Eq. s5d is the
power-law approximation, obtained via Taylor expansion, of
a more complex formula. In Fig. 1 we plot both the exact
curve derived inf5g and the power-law curve of Eq.s5d.
Figure 1 shows thatkSMskdl presents deviations from the
power-law behavior fork close to the Nyquist numberkc
=M /2. These deviations are due to the finite-sizeM of the
seriesdn and the figure shows that they are negligible for
k/M ø10−2, where the relative error is below 1%. In prac-
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tice, because of the log-log scale, the differences are clearly
visible only for k/M .10−1.

The proof of the nice result of Eq.s5d is based on the
relationship betweenSMskd and the widely studied spectral
form factor of the density of levelsf5,6g. Here, we apply the
same methodology of Refs.f5,6g to introduce and analyze a
new set of spectral statistics, which containsdn as a particu-
lar case. First we define the following set of functions:

Nosc
sadsEd =

daNoscsEd
dEa , s6d

where the parametera is a positive integer. This family of
functions can be extended also to negative integer values of
a by setting

Nosc
s−uaudsEd =E

−`

E

dx1E
−`

x1

dx2 ¯ E
−`

xuau−1

dxuauNoscsxuaud. s7d

For a=0 one recovers the oscillating partNoscsEd of the
staircase function, while fora=1 one has the oscillating part
roscsEd of the density of levels. In analogy with Eq.s2d we
now introduce the following set of spectral statistics:

dn
sad = Nosc

sadsEnd, s8d

spanned by the integer numbera. Obviously, fora=0 one
has the spectral statisticdn of Eq. s2d.

By applying the formula of integration by parts, it is
straightforward to prove that the Fourier transform of
NoscsEd, given by

N̂oscstd =E
−`

+`

NoscsEdexps− iEtddE, s9d

is related to the Fourier transform ofNosc
sadsEd by the simple

formula

N̂oscstd = N̂osc
sadstd

1

sitda . s10d

Under the conditionsM @1 andk/M !1 the discrete Fourier
transform ofdn can be obtained from the Fourier transform
of NoscsEd. It is given by

d̂k = N̂oscS k

M
D . s11d

Taking into account Eqs.s3d, s8d, s10d, ands11d, the relation-
ship between the power spectrum ofdn and the power spec-
trum of dn

sad reads

SMskd =
SM

sadskdM2a

k2a . s12d

Finally, by using Eq.s5d one finds that the average power
spectrum of the spectral statisticdn

sad satisfies the following
formula:

kSM
sadskdl =5

2

b

M1−2a

k1−2a for chaotic systems,

M2−2a

k2−2a for integrable systems.6 s13d

This formula is the main result of the paper. Fora=0 it
reduces to Eq.s5d. In general, fora.0 the average power
spectrum ofdn

sad is not divergent; it is instead divergent for
aø0.

Among the new spectral statistics, for numerical purposes
the most simple ones aredn

s−1d anddn
s1d. The statisticdn

s−1d is
given by

dn
s−1d =E

−`

En

NoscsEddE, s14d

and its average power spectrum is

kSM
s−1dskdl =5

2

b

M3

k3 for chaotic systems,

M4

k4 for integrable systems.6 s15d

Thus,dn
s−1d shows black noise 1/f3 for chaotic systems and

black noise 1/f4 for regular systems. The statisticdn
s1d is in-

stead given by

dn
s1d =

dNoscsEnd
dE

= roscsEnd. s16d

Its average power spectrum is nothing else than the discrete
spectral form factor of the density of levels, which shows
blue noisef for chaotic systems and white noisef0=1 for
regular systems.

FIG. 1. sColor onlined. Average power spectrumkSMskdl of the
spectral statisticdn. Comparison between the exact formula of Ref.
f5g ssolid lined and its power-law approximationsdotted lined, given
by Eq. s5d. The dashed line is the relative error of the two curves.
Note the different scale of the Poisson ensemblesintegrable sys-
temsd with respect to the Gaussian ensemblesschaotic systemsd.
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For the sake of completeness, in Fig. 2 we plot the power
spectrum of spectral statisticsdn

s−1d supper paneld and dn
s1d

slower paneld. Figure 2 shows that different power laws can
be easily distinguished by choosing the appropriate scale in-
terval in the log-log plot. The new spectral statistics we have

introduced are a simple and useful tool to analyze the energy
levels of quantum systems and determine their integrability
or chaoticity.

An open problem is the behavior ofkSM
sadskdl for systems

in the mixed regime between order and chaos. Recently we
have analyzed the order-to-chaos transition in terms of the
power spectrumkSMskdl by using the Pascal’s snailsRobnik
billiardd f8g. We have numerically found a net power law
1/ fg, with 1øgø2, at all the transition stages. We have
suggested that the exponentg is related to the chaotic com-
ponent of the classical phase space of the quantum billiard,
but a theoretical explanation of these numerical results is still
lacking f9g.

In conclusion, we have shown that colored noise 1/fg

characterizes the spectral fluctuations of quantum systems.
The presence of colored noise in fluctuating physical vari-
ables is ubiquitous. This kind of noise has been detected in
DNA sequences, quasar emission, river discharge, and heart-
beat, among many others. Despite this ubiquity, there is no
universal explanation about this phenomenon, which is a ge-
neric manifestation of complex systems. Nevertheless, here
we have shown that for integrable and chaotic quantum sys-
tems the colored noise of energy-level fluctuations can be
explained in a satisfactory way on the basis of random ma-
trix theory.

The author thanks J.M.G. Gomez, A. Relano, E. Faleiro,
and M. Robnik for many useful discussions.
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FIG. 2. sColor onlined. Average power spectrumkSM
sadskdl of the

spectral statisticsdn
s−1d anddn

s1d. Power laws for integrable systems
sPoissond and for chaotic systems with different classes of symme-
try: GOE, GUE, and GSE.
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